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1J. . : $\mathrm{P}^{2}$ $\Leftrightarrow$ $(X, \mathrm{Y}, Z)$ , \Leftrightarrow UX+VY+WZ $=0\Leftrightarrow(U, V, W)$
: $\mathrm{P}^{*2}$ , $\Leftrightarrow(U, V, W)$ , \Leftrightarrow XU+YV+WZ $=0$
$C\subset \mathrm{P}^{2}$ : $F(X, \mathrm{Y}, Z)=0\}$ $f(x, y)=F(x, y, 1)$
.
$P=(\alpha,\beta)\in C\cap \mathrm{C}^{2}$ : , $T_{P}C$ $\partial\partial x(\alpha,\beta)(x-\alpha)+$ $\partial\partial y(\alpha,\beta)(y-\beta)=0$ .
$(\alpha, \beta)\Leftrightarrow(\alpha,\beta, \gamma)$
$\frac{\partial F}{\partial X}(\alpha,\beta, \gamma)(X-\alpha)+\frac{\partial F}{\partial \mathrm{Y}}(\alpha,\beta,\gamma)(\mathrm{Y}-\alpha)+\frac{\partial F}{\partial Z}(\alpha,\beta,\gamma)(Z-\gamma)=0$
$T_{P}C=(_{\partial x\partial y}^{\lrcorner\partial\lrcorner\partial}(\alpha,\beta),(\alpha, \beta),$ $-\alpha_{\partial x}^{\lrcorner\partial}(\alpha, \beta)-\beta_{\partial y}^{\lrcorner\partial}(\alpha,\beta))$ .
$C^{*}$
1.2. . $(x(t), y(t))$
: $t$ } $(x, y)$
$T_{P}C$ : $y-y(t)= \frac{\oint(t)}{x(t)},(x-x(t))\Leftrightarrow U(t)=y’(t)$ , $V(t)=-x’(t)$ , $W(t)=x’(t)y(t)-x(t)y’(t)$
$(F, F_{X}-U, F_{Y}-V, F_{Z}-W)$ $(X, \mathrm{Y}, Z)$
R
: $(C^{*})^{*}=C$ .
1.3. $\mathrm{G}:=\mathrm{P}\mathrm{S}\mathrm{L}$(3, C) . $\mathrm{P}^{2}\cross Garrow \mathrm{P}^{2}$ , $((X, \mathrm{Y}, Z), A)\mapsto(X, \mathrm{Y}, Z)A$ .
Lemma 1.1. $(C^{A})^{*}=(C^{*})^{t}A^{-1}$ .
If $C^{*}$ is defined by $G(U, V, W)=0,$ $(C^{A})^{*}$ defined by $\varphi^{*}{}^{t}AG(U, V, W)=G,((U, V, W)^{t}A)$ .
1.4. (Class) . $C$ $n$ $\{P_{1}, \ldots, P_{k}\}m$: , $\mu_{\dot{l}}$ : Milnor
$g$
$C^{*}$ $n^{*}$ $C$ n*
(1.2) $n^{*}=2(g-1+n)-. \sum_{1=1}^{k}(m:-r:)=n(n-1)-\sum_{\dot{\iota}=1}^{k}$( $+m:-1$)





Lemma 1.3. $Z=0$ $P_{\dot{l}}=(*\cdot,\beta_{1}.),$ $i=1,$ $\ldots,$ $k$
$lh$. Milnor $number_{\text{ }}m$: $p$ genetic constant $f_{1}(x_{1},p, y_{1}):=$
$f(x_{1}-py_{1}, y_{1})_{\text{ }}h(x_{1},p):=\Delta_{y_{1}}(f_{1})$ $f_{1}$
$y_{1}$ $h(x_{1},p)$
$n(n-1)$ $\tilde{g}(u,v):=h(-1/u,v/u)u^{n(n-1)}$ $\tilde{g}(u,v)=g(u,v)L(u,v)$
$L$ $L(u, v)= \prod_{=1}^{k}.\cdot(\alpha:u+\beta_{1}.v+1)^{\mu+m-1}$‘
$g(u, v)$ $C^{*}$ $u=U/W,v=V/W$.
Corollary L4. $n^{*}=n(n-1)- \sum_{1=1}^{k}.(\mu+m_{t}-1)$ .
Proof.
$h$ ( $a$ ,p)=0\Leftrightarrow $x+py-a=0$ : tangent to $C\Leftrightarrow(-1/a, -p/a)\in C^{*}$
Example 1.5. 1. $C:n=2,$ $k=0\Rightarrow C^{*}:2$ $f(x,y)=x^{2}+y^{2}-1,$ $f_{1}=(x_{1}-py_{1})^{2}+$
$y_{1}^{2}-1$ . $\Delta_{y_{1}}(x_{1},p)=4p^{2}-4x_{1}^{2}+1$ . $h(u,v)=4(u^{2}+v^{2})-4$ .
2. $C3$ $\Rightarrow C^{*}6$ 9 $C=\{f:=y^{2}*x+2*x^{3}+1=0\}$
$C’=\{-27x^{4}y^{2}+4x^{3}-108x^{2}y^{4}+72y^{2}x-108y^{6}-8=-108g_{2}^{3}-1/2g_{3}^{2}=0\}$ where
$g_{2}:=y^{2}-1/6*x^{2}$ , $\mathit{9}\epsilon:=x^{3}+18y^{2}x-4$
1.6. Flex points. $P\in C$ $r$ flex $I(C,T_{P}C;P)$ $r+2$.
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$1_{\text{ }}$ Flex points$=F(X, \mathrm{Y}, Z)=H(X, \mathrm{Y}, Z)=0$ , $H(X, \mathrm{Y}, Z)$ : the Hessian of $F$
Proposition 1.6. $\mathcal{F}(f):=f_{x\rho}f_{y}^{2}-2f_{x,y}f_{y}f_{x}+f_{y,y}f_{x}^{2}$ . $C\cap\{H=0\}\cap \mathrm{C}^{2}=C\cap\{F=$
$0\}\cap \mathrm{C}^{2}$ .




Proposition 1.7. Flex $i(C)$
$i(C)=3(n-2)n-. \sum_{1=1}^{k}\delta(P_{1}.;C)$
1.7. Flex defect formula and flex stratfflcation.
$(C, O)\sim(C’, O)\Leftrightarrow\exists C_{t},$ $C_{0}=C,$ $C_{1}=C’\mu$- $\sigma$ :
Def. $\sigma$ We define the genetic flex defect of $\sigma$ , denoted by
$\overline{\delta}(\sigma),$ by m {\mbox{\boldmath $\delta$}(f; $O);f\in\sigma$ }.
$P=\{(m_{1}, n_{1}), \ldots, (m_{\ell}, n_{\ell})\}$ Puiseux pairs
$\sigma(P)$ : $P$ $(C, O)\in\sigma(P)$ $y=0$ $y=\varphi(x^{1/N})$ ,
(1.8) $\varphi(x^{1/N})=\sum_{\dot{l}=s}^{k_{0}}a_{1}.x^{:}+h_{1}(x^{1/N_{1}})+\cdots+h_{\ell}(x^{1/N_{\ell}})$ , $N_{j}:=n_{1}\cdots n_{j},$ $N=N_{\ell}$
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where $h_{j}(x^{1/N_{j}})=c_{j}x^{m_{j}/N_{j}}+ \sum_{m_{j}<k<m_{j+1}/n_{\mathrm{J}+1}}c_{j,k}x^{k/N_{j}}$ and $a_{s},$ $c_{1},$ $c_{2},$ $\ldots,$ $c_{\ell}\neq 0,$ $k_{0}:=[m_{1}/n_{1}]$ ,
$\mathrm{g}\mathrm{c}\mathrm{d}(n_{i}, m_{i})=1$ and $m_{i}>m_{i-1}n_{i}$ .
$S:=\{j;a_{i}\neq 0,j\geq 2\}$ .
Def: the Puiseux order of $f$ $\mathrm{o}\mathrm{r}\mathrm{d}_{x}(\varphi)$ Puiseux $\mathrm{o}\mathrm{r}\mathrm{d}(f)$
Def. Flex Stratification: $\sigma(P)$ Stratffication $\{\sigma(P;2)\ldots,\sigma(P;[m_{1}/n_{1}])$ ,
where
$\sigma(P;s)=$ { $(C(f),$ $O)\in\sigma(P)$ ;Puiseux order(f)=s}.
Theorem 1.9. Assume that $f(x,y)\in\sigma(P;s)$ . Then we have
(1.10) $\delta(O;f)=(s-2)n_{1}\cdots n\ell+\sum_{j=1}^{\ell}3(n_{j}-1)m_{j}(n_{j+1}\cdots n\ell)^{2}$
and $f$ is generic if and only if $s\leq 2$ , namely if either $s=2$ or $m_{1}/n_{1}\leq 2$ and $s=m_{1}/n_{1}$ .
Corollary 1.1L For flex point $P$ of order $k$ , we have $\ell=0$ and $s=k+2$ . Ihus $\delta(P;f)=k$ .
$\beta_{p,q}$ : $y^{p}-x^{q}=0$ Brieskorn
Theorem 1.12. Assume that $p<q$ and $f\in\sigma(\beta_{p,q};s)$ .
$\delta(O;f)=3pq-3q+(s-2)p$ , $\overline{\delta}(\beta_{p,q})=\{$
$3pq-3q$, $q>2p$
$3pq-2(p+q)$ , $q\leq 2p$
Example L13. $1_{\text{ }}(2,3)$- : $y^{2}-x^{3}=0,$ $\delta(\beta_{2,3})=\overline{\delta}(\beta_{2,3})=8$ ,
2. Node, $y^{2}-x^{2}+(higher)=0,\overline{\delta}=6$ ,
3. $(3,4)$- $y^{3}-x^{4}=0,$ $\delta=\overline{\delta}=22$ .
4. $(2,5)$- : $(y+x^{2})^{2}+x^{5}=0\Rightarrow\delta=15$
$y^{2}-x^{5}=0\Rightarrow\delta=16$
1.8. Dual singularity. Let $P\in C$ and $P^{*}$ be the corresponding point of $C^{*}$ .
$\mathrm{W}\mathrm{e}\mathrm{U}$-known:Al. $P$ is a $(k-1, k)- \mathrm{c}\mathrm{u}\mathrm{s}\mathrm{p}\Leftrightarrow P^{*}$ is aflex of order $k-2$ .
A2. $P$ is ageneric node, $\Leftrightarrow P^{*}$ consists of two tangent points with ageneric bi-tangent
Hue.
(1) Irreducible case. Let $P=\{(m_{1}, n_{1}), \ldots, (m_{\ell}, n_{\ell})\}$ and let $N_{j}=n_{1}\cdots n_{j}(N=N_{\ell})$
Theorem 1.14. (Local Duality) Let $\sigma(P;s)^{*}:=\{(C^{*}, O^{*});(C, O)\in\sigma(P;s)\}$ .
Flew Stmtification [
(1) $\sigma(P;2)^{*}=\sigma(P, 2)$ and $\sigma$ ( $P$ ;s)*=\sigma (P )if $s>2$
(2) $s=m_{1}/n_{1}$ $\sigma(P;-)^{*}m_{\lrcorner}=\sigma(n_{1}P^{*};\frac{m}{m_{1}}-n_{1}\mapsto)$ , if $m_{1}-n_{1}>1$ and $\sigma(P;\frac{m}{n}[perp])^{*}=\sigma(P^{-};m_{1})1$’if
$m_{1}=n_{1}+1$ , wheoe $P^{*}:=\{(m_{1}, m_{1}-n_{1}), (m_{2}, n_{2}), \ldots, (m\ell, n\ell)\}$ and $P^{-}:=\{(m_{2}, n_{2}), \ldots, (m\ell, n\ell)\}$ .
$\sigma(P)^{*}$ Wall
: $\ell=0,$ $s\geq 3$ Al $\ell=1$ and $m_{1}=n_{1}+1$ A2 ?
Proof. Put $N_{j}=n_{1}\cdots n_{j},$ $N^{(j)}=n_{j}\cdots n_{\ell}$ and $N=N\ell$ . $x^{1/N}=t$ , $C$
$x(t)=t^{N}$ and $y(t)= \varphi(t)=\sum_{j}b_{j}t^{j}$
$b_{k}=c_{j,k/N(f+1)}$ , if $m_{j}\leq k/N^{(j+1)}<m_{j+1}/n_{j+1}$ and $k/N^{(j+1)}\in \mathrm{Z}$.
$C^{*}$
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$u(t)=- \sum_{jN}j\lrcorner t^{j-N}b$ , $w(t)= \sum_{j}(_{N}^{\mathrm{i}}-1)b_{j}t^{j}$
where $(u,w)$ is the affine coordinates defined by $u=U/V,$ $w=W/V$.
$\mathrm{v}\mathrm{a}1_{t}u(t)=(s-1)N$ $u(\tau)=\tau^{(s-1)N}$ .
(2) Rec ucible case. Brieskorn singularity $(C,O)\in\beta_{p,q\text{ }}$ $C=\{f(x,y)=0\}$
Theorem 1.15. (Local Duality-bis) Assume that $p<q$ and $(C,O)\in\sigma(\beta_{p,q};s)$ . Then
$s=q/p$ and $(C^{*},O^{*})\in\sigma(\beta_{q-p,q};_{q-\overline{p}}^{\Delta})$ if $q\leq 2p.$ If $2p<q$ and $s=2,$ men $(C^{*},O^{*})\in$
$\sigma(\beta_{p,q};2)$ . If $2p<q$ and $s>2,$ $(C^{*},O^{*})= \bigcup_{1=1}^{r}.(C_{\dot{\iota}}^{*},O^{*})$ and $(C_{1}^{*}.,O^{*}) \in\sigma(P^{+};\frac{\epsilon}{\epsilon-1})$ urith
$P^{+}=\{(s,s-1), (m_{1},n_{1})\}$ . The Puiseux $e\varphi amions$ of $C_{\dot{l}}^{*}$ in $u^{1/(\epsilon-1)n_{1}},i=1,$ $\ldots,r$ coincide
up to the $temu^{m_{1}/(\epsilon-1)n_{1}}$ .
2.
$C,$ $C’$ $(C, C’)$ Zariski- $C$ $C’$ 1:1
$\mathrm{P}^{2}-C$ $\mathrm{P}^{2}-C’$
( ) $C$ $\text{ }-$ 6 $(f_{2}(x, y)^{3}-f_{3}(x,y)^{2}=0$
) $\text{ }$ $C’$ 6 6
$\pi_{1}(\mathrm{P}^{2}-C)\cong \mathrm{Z}_{2}*\mathrm{Z}_{3}$ $\pi_{1}(\mathrm{P}^{2}-C’)$ ( $\mathrm{Z}_{6}$).
(1) $\pi_{1}(\mathrm{P}^{2}-C)\not\cong\pi_{1}(\mathrm{P}^{2}-C’)$
(2) Alexmder $\Delta c(t)$
: $\pi$ : $X_{\infty}arrow \mathrm{P}^{2}$ Branml g locus: $\mathrm{C}\cup L_{\infty}$ . $H_{1}(X_{\infty}, \mathrm{Z})$






$(C, C’)$ : \Rightarrow \pi l(P2-C)\cong \pi 1(P2-C’)\Rightarrow \Delta c(t) $=\Delta_{C’}(t)$
: $\Delta_{C}(t)=\Delta_{C’}(t)$ $\mathrm{P}^{2}-C\not\cong \mathrm{P}^{2}-C’$ $\mathrm{M}\alpha$ der- Zariski
Alexander $p_{m}$ : $X_{m}arrow \mathrm{P}^{2}$ $t^{m}$
Theorem 2.1. [Lil] Betti $b_{1}(X_{m})$ $\sum:\alpha:$ , $\alpha$: $\lambda_{:}(t)=0$ 1 $m$
ae
: $\Delta c(t)=0$ $b_{1}(X_{m})$ $\Delta c(t)=0$ $\mathrm{m}$ ae
2.1. Alexander . Fox Cdculus: $F_{m}$ $X_{1},$ $\ldots,X_{m}$
$\mathrm{C}F_{m}$ $\mathrm{C}$ Fox deri tion $\sigma^{\frac{\partial}{X_{f}}}$ : $\mathrm{C}F_{m}arrow \mathrm{C}F_{m}$
$\frac{\partial X_{1}}{\partial X_{j}}$
.
$=\delta_{1j}.$ , $\frac{\partial}{\partial X_{j}}uv=j+u\frac{\partial X_{1}}{\partial v}\partial X\partial u.$, $u,v\in \mathrm{C}F_{m}$
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$\psi$ : $F_{m}arrow\pi_{1}(\mathrm{C}^{2}-C)$ $R_{1},$ $\ldots,$ $R_{\mathit{8}}$
$\xi$ : $\pi_{1}(\mathrm{C}^{2}-C)arrow H_{1}(\mathrm{C}^{2}-C)$ Hurewicz
$\phi$ : $\mathrm{C}F_{m}arrow \mathrm{C}[t, t^{-1}]$ $m\cross s$ $(\phi(_{\vec{\partial X_{j}}}^{\partial X}.))$
$s\cross s$ Alexander $\Delta c(t)$
3. COVERING TRANSFORMATION
$C=\{f(x,y)=0\}$ $L_{\infty}$ L $C$
$1arrow \mathrm{Z}arrow\pi_{1}(\mathrm{C}^{2}-C)arrow\pi_{1}(\mathrm{P}^{2}-C)arrow 1$
Theorem 3.1. $L_{\infty}$ $C$ $x=0,y=0$ $C$
$f(x^{m}, y)=0,$ $f(x^{m}, y^{m})=0$ $\mathrm{C}_{m}(C),$ $\mathrm{C}_{m,m}(C)$ .
(1) $\pi_{1}(\mathrm{C}^{2}-\mathrm{C}_{m}(C))\cong\pi_{1}(\mathrm{C}^{2}-C)$ $L_{\infty}$ $C$
(2) $\deg(f,x^{m}, y)=m\deg$ $f(x,y)$
$1arrow \mathrm{Z}_{m}arrow\pi_{1}(\mathrm{P}^{2}-\mathrm{C}_{m}(C))arrow\pi_{1}(\mathrm{P}^{2}-C)arrow 1$
$\mathrm{I}\rfloor_{\text{ }}$ $\deg$ $f(x^{m}, y)=\deg f(x, y)$
(3) $L_{\infty}$ (1) 2 $\pi_{1}(\mathrm{C}^{2}-\mathrm{C}_{m,m}(C))\cong\pi_{1}(\mathrm{C}^{2}-C)$
$1arrow \mathrm{Z}_{m}arrow\pi_{1}(\mathrm{P}^{2}-\mathrm{C}_{m,m}(C))arrow\pi_{1}(\mathrm{P}^{2}-C)arrow 1$
$\mathrm{C}_{m,m}(C),$ $\mathrm{C}_{m}(C),$ $C$ Alexander
$\mathrm{C}_{m,m}(C),\mathrm{C}_{m}(C)$ $C$ $C$ $\mathrm{m}$- (m,m)-
4. CUSpIDAL SEXTICS
4.1. . $\Sigma=\{sA_{2}+tA_{1}\}$ $\mathcal{M}((s,t);n)$ $n$ $s$
$t$ $A_{1}$
: $\mathcal{M}((s, t);n)$ $C\in \mathcal{M}((s, t);n)$ $C^{*}\in \mathcal{M}((s, t);n)$
$C$ $A\in \mathrm{P}\mathrm{S}\mathrm{L}$(3, C) $C^{*}=C^{A}$
Flex
$\mathcal{M}((s, t);n)$ : $3s+2t=n^{2}-2n$
: $\mathcal{M}((0,0);2),$ $\mathcal{M}((1,0);3),$ $\mathcal{M}((2,1);4),$ $\mathcal{M}((5,0);5),$ $\mathcal{M}((6,3);6),$ $\mathcal{M}((8,0);6)$ .
4.2. $\mathcal{M}(6A_{2}+3A_{1;}6)$ . $\Sigma=\{3\beta_{2,2},6\beta_{2,3}\}$ , $\mathcal{M}:=\mathcal{M}(6;\Sigma)$
$g(C)=1,\forall C\in \mathcal{M}$ $C^{*}$ 6 ($C$ ) $C^{*}\in \mathcal{M}$ .
$\mathcal{M}$ Flexes 4 (0) 6flexes of order 1, (i) 4
flexes of order 1and one flex of order 2, (ii) 2flexes of order 1and 2flexes of order 2, (i\"u) 3
flexes of order 2and(iv)3flexes of order 1and one flex of order 3.
(iv) $(\mathrm{i})\sim(\mathrm{i}\mathrm{v})$
(1) $\Sigma_{1}=\{2\beta_{2,2},4\beta_{2,3},\beta_{3,4}\}$ and let All $:=\mathcal{M}(6;\Sigma_{1})$ .
(2) Let $\Sigma_{2}=\{\beta_{2,2},2\beta_{2,3},2\beta_{3,4}\}$ and $N_{2}:=\mathcal{M}(6;\Sigma_{2})$ .
(3) Let $\Sigma_{3}=\{3\beta_{3,4}\}$ and let $N_{3}:=\mathcal{M}(6;\Sigma_{3})$ .
(4) FinaUy let $\Sigma_{4}=\{\beta_{4,5},3\beta_{2,3}\}$ and let $N_{4}=\mathcal{M}(6;\Sigma_{4})$ .
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$g=1$ $\mathcal{T}$ $(2,3)$-torus curves of degroe 6
and of type $(2,3)$ . $\mathcal{M}\cap \mathcal{T},$ $\mathcal{M}_{:}\cap \mathcal{T}$ and $N_{1}$. $\cap \mathcal{T}$ $\mathcal{M}torus’ \mathcal{M}:,to\mathrm{r}u\epsilon$ , $N_{1}.,toeu\epsilon$
Non-torus mod $\mathcal{M}_{gen},$ $\mathcal{M}:_{\mathit{9}^{en}’ \mathit{9}^{en}},N_{1}.$,
Theorem 4.1. 1. $\overline{\mathcal{M}}:=\mathcal{M}’\bigcup_{\dot{l}=1}^{4}\mathcal{M}:\mathrm{U}_{\underline{-}}^{4}.$ , $N_{1}’$.
$\mathcal{M}_{\alpha}’*=\mathcal{M}_{\alpha}’,$ $N_{1\alpha}^{\prime*}.,=\mathcal{M}:,\alpha$ and $\mathcal{M}:,\alpha^{*}=N_{1\alpha}’.$,for $i=1,$ $\ldots,4$ and
$\alpha=ton\underline{A}s$ or gen.
2. $( \mathrm{S}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n})\mathcal{M}_{toru\epsilon}=\mathcal{M}_{toruf}’\bigcup_{1=1:,tor\mathrm{u}[]}^{3}.\mathcal{M}$ and $\mathcal{M}_{gen}=\mathcal{M}_{gen}’\cup^{4}.\cdot \mathcal{M}=1:,g\epsilon n\cdot$ fflus $\mathcal{M}_{4}=$
$\mathcal{M}_{4}$ ,gen and $N_{4}=N_{4,gen}$ . $\mathcal{M}_{tofu\epsilon}’,\mathcal{M}_{1toru\epsilon}.,,N_{1to[]\cdot u[]}.,,$ $i=1,2,3_{\text{ }}N_{3,gen}$
$\overline{\mathcal{M}_{toru\epsilon}’}\supset\overline{\mathcal{M}_{1,toru\epsilon}}\supset\overline{\mathcal{M}_{2,to1u}..}\supset \mathcal{M}_{3,torus}$ , $\mathcal{M}_{toru\cdot 1,uru\epsilon 2,toru\epsilon}^{\overline{\prime}}\supset’\ovalbox{\tt\small REJECT}\supset’\ovalbox{\tt\small REJECT}\supset N_{3,torus}’$
3. (Alexander polynomial) $ForC\in\overline{\mathcal{M}}_{toru\epsilon}$, the Alexander polynomid $\Delta_{C}(t)$ is given by $t^{2}-t+1$
([Lil],[D]). For non-torus cune $C\in\overline{\mathcal{M}}_{gen}$ , it oe. given by 1.
4. (Fundamental groups) $\pi_{1}(\mathrm{P}^{2}-C)\cong \mathrm{Z}_{2}*\mathrm{Z}_{3}$ or $\pi_{1}(\mathrm{P}^{2}-C)\cong \mathrm{Z}_{6}$ according to $C\in\overline{\mathcal{M}}_{toru\epsilon}$
or $C\in \mathcal{M}_{3,g\mathrm{e}n}$ respectively.




$a_{0,0}=-t_{0}^{2},$ $a_{0,1}=-1- \frac{1}{2}t_{1}^{2}-\frac{1}{2}t_{2}^{2}+t_{0}^{2}-a_{0,2},$ $a_{1,1}=-a_{1,0}- \frac{1}{2}t_{1}^{2}+\frac{1}{2}t_{2}^{2},$ $b_{0,0}=t_{0}^{3}$
$b_{0,1}=- \frac{3}{2}t_{0}(-1-\frac{1}{2}t_{1}-\frac{1}{2}t_{2}+t_{0}-a_{0,2}),$ $b_{1,0}=- \frac{3}{2}t_{0}a_{1,0}$ , $b_{0,2}=b_{2,1}+ \frac{3}{2}t_{2}-3t_{0}+\frac{3}{2}t_{1}$
$- \frac{3}{2}t_{0}a_{1,0}+\frac{15}{16}t_{1}^{3}-3t_{0}a_{0,2}-\frac{9}{4}t_{0}t_{1}^{2}+\frac{3}{4}t_{1}t_{0}^{2}+\frac{3}{4}t_{1}a_{0,2}+\frac{3}{4}t_{1}a_{1,0}+\frac{3}{2}t_{1}(-a_{1,0}-\frac{1}{2}t_{1}^{2}+\frac{1}{2}t_{2}^{2})$









$N_{1},N_{2},N_{3}$ $t_{0}=0,$ $t_{1}=t_{2}=0,$ $t_{0}=$
$t_{1}=t3=0$
$\mathcal{M}_{gen}$
Thmrem 4.2. (Modili space $N_{3}$). $N_{3}$ 2 -
$C\in N_{3,to\mathrm{r}u\theta}$ $C\in N_{3,gen}$ $\pi_{1}(\mathrm{P}^{2}-C)\cong \mathrm{Z}_{2}*\mathrm{Z}_{3}$
$1\sim\sim\prime \mathrm{z}$
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4.4. . $C_{1}\in N_{3},,$${}_{torus}C_{2}\in N_{3,gen}$ generic $(2_{\text{ }} 2)$ $C_{i}’:=\mathrm{C}_{2,2}(C_{i})$
12 12 $(3 \text{ } 4)$ $\pi_{1}(\mathrm{P}^{2}-C_{1}’)$
$\mathrm{Z}_{2}*\mathrm{Z}_{3}$ $\mathrm{Z}_{2}$ $\pi_{1}(\mathrm{P}^{2}-C_{2}’)$ $\mathrm{Z}_{12}$ . $C_{3}$ 3 $\text{ }4$
$f_{3},$ $f_{4}$ $f_{3}^{4}-f_{4}^{3}=0$ 12 $(3 \text{ } 4)$ [O1]
$\pi_{1}(\mathrm{P}^{2}-C_{3})\cong \mathrm{Z}_{3}*\mathrm{Z}_{4}$. $(C_{1}’, C_{2}’, C_{3})$ Zariski triple Alexander
$t^{2}-t+1,1,$ $(t^{2}-t+1)(t^{4}-t^{2}+1)$
5. ALEXANDER ZARISKI
12 $(2 \text{ } 3)$ 8 $\mathcal{M}((12,0);8)$ Alexander
Zariski 3 4 $Z_{3}$ $(2 \text{ } 2)$
$C_{1}:=\mathrm{C}_{2,2}(Z_{3})$ $A_{1}$
3 $Z_{3}:=\{y^{3}+x^{3}+x*y=0\}$ $Z_{4}:=$
$\{g(x, y)=-4y^{3}-y^{2}x^{2}-18xy+27-4x^{3}=0\}$ $g(x, y)$
$-16(x+3)^{3}(x^{2}-3x+9)^{3}$
$C_{1}$ $\mathrm{C}_{2,2}(Z_{4})$ $\pi_{1}(\mathrm{P}^{2}-C_{1})$ 24 Alexander
8 $C_{2}$ $\pi_{1}(\mathrm{P}^{2}-C_{2})$ $\cong \mathrm{Z}_{8}$
$\mathcal{M}((2,0);4)$ flex $i=4\cdot 3-2\cdot 3=6$
2 $x=0,$ $y=0$
$f(x, y)$ 4 $C_{2}$ $P_{1},$ $P_{2},$ $\mathrm{x}$
$A_{1},$
$\mathrm{y}$ A2
$C_{3}$ $f(x^{2}, y)=0$ 4 $P_{1},,$${}_{1}P_{1},,$${}_{2}P_{2},,$${}_{1}P_{2,2}$ , $A_{1}$
$\mathrm{y}$ 2
$C_{4}$ $f(x^{2}, y^{2})=0$ 12
: $\pi_{1}(\mathrm{P}^{2}-C_{4})=\mathrm{Z}_{4}$.
: $C_{1}$ $C_{4}$ $\mathrm{Z}_{2}\cross \mathrm{Z}_{2}$ $C_{1}$ 12
$C_{4}$ 8 ($C_{2}$ )
Z2
(1 $\text{ }$ 2 ;
$\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}_{\mathfrak{l}\mathrm{h}\text{ }-\text{ }^{ }D=\{g(x,y)=}$ \epsilon $\ovalbox{\tt\small REJECT}_{r\mathrm{g}\text{ }\mathrm{g}_{)}\text{ }\mathrm{B}\mathrm{i}\text{ _{ }}^{}2}+y-2(x-2)^{3}\ovalbox{\tt\small REJECT}_{*_{\text{ }}\}*2\text{ }\ }-2)^{4}\mathrm{B}>\text{ }$




FIGURE 1. Graph of $C_{1}$
FIGURE 2. Local graph of $C_{1}$
5.1. . 19
$2_{\text{ }}3$
$1_{\text{ }}3$ $(3,4)$ 6 2 3 ( ) $\text{ }-$
$\mathrm{Q}$ non-torus $\mathrm{Q}(\sqrt{-3})$
MordeU-Weil 3







Oka, M. and Phao, $\mathrm{D}.\mathrm{T}.$ :Fundamental group of sextics of torus type, to appear in Trends
in Singularities, Editors A. Libgober and M. Tibar, Birkh\"auser, 2002
3. Tame 6
Oka, M. and Pho, $\mathrm{D}.\mathrm{T}.$ :Classffication of sextics of torus type, $\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{h}.\mathrm{A}\mathrm{G}/0201035$
$\mathrm{O}\mathrm{f}\mathrm{f}\mathrm{i},\mathrm{M}.$ :Geometry of reduced sextics of torus type, $\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{h}.\mathrm{A}\mathrm{G}/0203034$
REFERENCES
[A1] E. Artal, Sur les couples des Zariski, J. Algebraic $\mathrm{G}\infty \mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{y},$ $\mathrm{v}\mathrm{o}\mathrm{l}3$ (1994), 223247.
[A2] E. Artal and J. Camona, $Za\dot{m}ki$ pairs, #ndamental groups and Alexander polynomids, J. Math. Soc.
JaPan, $\mathrm{v}\mathrm{o}\mathrm{l}50$ , no. 3, 521-543, 1998.
[B-K] E. Brieskorn and H. Kn\"orrer, Ebene Algebraische Kurven, Birkhiuser (1981), Basel-Boeston-Stuttgart.
[E] H. Esnault, Fibre de Milnor $d$ ’un c\^one sur une courbe $a\mathit{1}g\text{\’{e}} br\dot{\tau}que$ plane, Invent. Math. 68 (1982), 477-496.
[F] $\mathrm{R}.\mathrm{H}$ . Crowell and $\mathrm{R}.\mathrm{H}$ . Fox, Introduction to Knot Theory, Ginn and Co. (1963).
[D] A. Degtyarev, Alexander polynomial of a cume of degree sir, J. Knot Theory and its Ramification, Vol.
3, No. 4, 439-454, 1994
[D-L] I. Dolgachev and A. Libgober, On the fdndamental group of the complement to a discriminant $var\dot{\tau}ety$,
in: Algebraic Geometry, Lecture Note 862 (1980), 1-25, Springer, Belin Heidelberg New York.
[G-H] P. Griffiths and J. Harris, Principles of Algebraic Geometry, 1978 AWfley-Interscience Publication,
New York-Chichester-Brisbane Toronto.
[K1] Vik. S. Kulikov, The Alexander polynomials of algebmic curwes in $\mathrm{C}^{2}$ , Algebraic $\mathrm{g}\infty \mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{y}$ and its
applications, Vieweg, Braunschweig, 1994, 105111
[K2] Vik. S. Kulikov, On plane algebraic curves ofpositive Albanese dimension, preprint.
[Le] $\mathrm{D}.\mathrm{T}$. $\mathrm{L}\hat{\mathrm{E}}$ , Calcul du nombre de cycles \’evanouissants $d$ ’une hypersurface complexe, Am. Inst. Fourier,
vol. 23,4 (1973), 261-270.
[L-O] $\mathrm{D}.\mathrm{T}.$ L\^e and M. Oka, On the Resolution Complexity of Plane Cunles, Kodai J. Math. Vol. 18, 1995,
1-36
[Lil] A. Libgober, Alexander $invar\dot{\tau}ants$ of plane algebraic curves, Proceeding of Sympoeia in Pure Math.,
Vol. 40, (1983), 135-143.
[Li2] A. Libgober, Alexander polynomial ofplane $algeb7\mathrm{u}iccu7ves$ and cyclic multiple planes, Duke Math. J.,
vol. 49, no. 4(1982), 833-851.
[M-K-S] W. Magnus, A. Karras and D. Solitar, Combinatorial group theory, Dover Publ. 2nd ed., 1976.
[01] M. Oka, Some plane curves whose complements have non-abelian fundamental groups, Math. Am., $\mathrm{v}\mathrm{o}\mathrm{l}$
218 (1975), 55-65.
[02] M. Oka, On the fundamental group of the complement of certain plane cunes, J. Math. Soc. JaPan, $\mathrm{v}\mathrm{o}\mathrm{l}$
30 (1978), 579-597.
[03] M. Oka, Symmetric plane curves with nodes and cttsps, J. Math. Soc. JaPan, $\mathrm{v}\mathrm{o}\mathrm{l}44$, no. 3(1992),
375-414.
[04] M. Oka, Ttoo transfoms of plane curves and their fundamental groups, J. Math. Sci. Univ. Tokyo, $\mathrm{v}\mathrm{o}\mathrm{l}$
3(1996), 399-443.
[O5] M. Oka, Flex curves and their applications, preprint 1997.
[06] M. Oka, Non-degenerate complete intersection $singular\dot{\tau}ty$, Hermann, Paris, 1997.
[O7] M. Oka, A New Alexander-Equivalent $Za\dot{m}ki$ Pair, preprint 1998.
[N] M. Namba, Geometry of projective algebraic curves, Decker, New York, 1984
[R] R. Randell, Milnor fibers and Alexander polynomials of plane curves, Proceeding of Symposia in Pure
Math., Vol. 40, (1983), part 2, 415-419.
[S] I. Shimada, A note on Zariski pairs, Compositio Math., n0.104, 125-133, 1996
[T] H. Tokunaga, $(\mathit{2},\mathit{3})$ torus decompositions of plane se#ics and their applications, prepint, 1997.
$W1]$ R. Walker, Algebraic curves, Dover Publ. Inc., New York, 1949.
[W2] C.T.C. Wall, Duality of singular plane curves, J. London Math. Soc. (2) 50 (1994), 265-275.
[Z] O. Zariski, On the problem of existence of algebraic functions of two variables possessing a given branch
curve, Amer. J. Math. $\mathrm{v}\mathrm{o}\mathrm{l}51$ (1929), 305-328.
13
